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ABSTRACT
We investigate gravitational perturbations of an asteroid belt by secular resonances. We ap-
ply analytic and numerical models to main–sequence and post–main–sequence planetary systems.
First, we investigate how the asteroid impact rate on the Earth is affected by the architecture of the
planetary system. We find that the ⌫6 resonance plays an important role in the asteroid collision
rate with the Earth. Compared to exoplanetary systems, the solar system is somewhat special in
its lack of a super–Earth mass planet in the inner solar system. We therefore consider the effects
of the presence of a super–Earth in the terrestrial planet region. We find a significant effect for
super–Earths with a mass of around 10M  and a separation greater than about 0.7AU. These
results have implications for the habitability of exoplanetary systems. Secondly, we model white
dwarf pollution by asteroids from secular resonances. In the past few decades, observations have
revealed signatures of metals polluting the atmospheres of white dwarfs that require a continu-
ous accretion of asteroids. We show that secular resonances driven by two outer companions can
provide a source of pollution if an inner terrestrial planet is engulfed during the red-giant branch
phase. Secular resonances may be a viable mechanism for the pollution of white dwarfs in a variety
of exoplanetary system architectures including systems with two giant planets and systems with
one giant planet and a binary star companion.
iii
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CHAPTER 1
INTRODUCTION
Resonances shape the architecture within a solar system, which plays an important role in
the evolution of that system. In general, a resonance arises when two periods or frequencies are
in a simple numerical ratio. There are two types of resonances that can occur, a mean-motion
resonance and a secular resonance. Each of these resonances occurs between two objects orbiting
a central body. In our solar system, many asteroids are located in the asteroid belt between Mars
and Jupiter. Over time, some asteroids undergo resonant gravitational perturbations from the two
largest planets, Jupiter and Saturn, causing the asteroids to become scattered from the asteroid belt
(Morbidelli et al. 1995; Gladman et al. 1997; Morbidelli & Gladman 1998; Bottke et al. 2000; Petit
et al. 2001; Ito & Malhotra 2006; Brozˇ & Vokrouhlicky´ 2008; Minton & Malhotra 2010; Chrenko
et al. 2015; Granvik et al. 2017). In a mean-motion resonance, the ratio of the orbital periods of
two objects is an integer ratio (e.g. Armitage 2013). Secular resonances arise when the apsidal or
nodal precession rates of two objects orbiting a central object are close (Froeschle & Scholl 1986;
Yoshikawa 1987).
The most prevalent secular resonance in our solar system in the ⌫6 resonance (Ito & Malhotra
2006; Minton & Malhotra 2011), which occurs between the apsidal precession of the asteroids and
Saturn. The outer edge of the ⌫6 resonance sets the inner boundary for our asteroid belt, which is
approximately located at 2AU. A large fraction of near Earth asteroids originate from the inner
main belt rather than the middle or outer belt (Bottke et al. 2002). Many of these asteroids within
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the inner main belt are injected in the ⌫6 resonance and end up reaching Earth-crossing orbits
(Morbidelli et al. 1994; Bottke et al. 2000).
When asteroids encounter a resonance, their eccentricities can be increased to a point where
they are either ejected from the system or collide with a planet or the central star. Each resonance
has a width, in semi-major axis, over which it operates (Dermott & Murray 1983). Asteroids that
fall within this width undergo perturbations causing their eccentricities to increase. Regions in
which the widths overlap are known as chaotic regions (Murray & Holman 1997; 1999), and there
almost all of the asteroids are cleared out. The region where Jupiter’s mean-motion resonances
overlap is what determines the outer edge of the asteroid belt at about 3.3AU ⇠ 3.5AU.
When asteroids encounter a resonance, their eccentricities are increased to a point where they
are either ejected from the system or collide with a planet or the central star. These perturbations
begin about 106 years after the disk is dispersed (Morbidelli et al. 1994; Ito & Tanikawa 1999).
Asteroid Impacts on Terrestrial Planets
Asteroidal impacts on terrestrial planets may be important for planet habitability. Water must
have been delivered to the surface of the Earth, potentially through asteroid impacts (Morbidelli
et al. 2000; Raymond et al. 2007), even though comet collisions and the interaction between the
magma and atmosphere have also been suggested as sources of the planet’s water (Genda & Ikoma
2008). Large moons may be produced through asteroid collisions (Canup & Asphaug 2001; Canup
2012). Our Moon plays an intricate role in the Earth’s habitability by stabilizing the rotation axis
of the Earth, preventing weather extremes due to chaotic motion. According to some hypotheses,
life itself may have been delivered to Earth by asteroids (Cronin & Pizzarello 1983; Castillo-Rogez
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et al. 2008; Houtkooper 2011). Important heavy elements needed for the existence of life may have
also been delivered by asteroid impacts (Willbold et al. 2011). The rate of asteroid impacts also
can have a significant effect on a planet’s habitability. A high rate of impacts could have led to a
highly cratered planet, not hospitable to life. On the other hand, too few impacts could suppress the
delivery of essential elements. The evolution of life on Earth shows that the presence of an asteroid
belt could be necessary (e.g. through mass extinctions) even for the appearance of complex life
and intelligence in an exosolar planetary system.
Asteroid belts, if they form at all, form most likely interior to giant planets (Morales et al. 2011;
Martin & Livio 2013). This coincides with the location of the water snow line, the radius outside
of which water is found in a solid form (Lecar et al. 2006). Giant planets form outside of the
snow line and the terrestrial planets form inward of it (Raymond et al. 2009). While the gas disk
is present, the eccentricities and inclinations of asteroids are damped by tidal interactions with the
protoplanetary gas disk (Ward 1989; 1993; Artymowicz 1993; Agnor & Ward 2002; Kominami &
Ida 2002). The lifetime of the gas disk is typically a few million years (Haisch et al. 2001), after
which photoevaporation disperses the disk. A pressure gradient arises when stellar radiation heats
the disk, allowing the thermal energy of the gas to exceed its gravitational binding energy (Alexan-
der et al. 2006; Armitage 2013). Once the gas disk is removed, gravitational perturbations cause
a clearing of asteroids at many resonances locations (Morbidelli et al. 1995; Gladman et al. 1997;
Morbidelli & Gladman 1998; Petit et al. 2001; Brozˇ & Vokrouhlicky´ 2008; Minton & Malhotra
2010; Chrenko et al. 2015) leading to the formation of potential Earth impactors (Morbidelli &
Nesvorny´ 1999; Strom et al. 2005).
Since Jupiter and Saturn are the largest planets in the solar system, they are the main driving
force for the dynamic evolution of the asteroid belt. The effect that Jupiter had on the asteroid
3
Figure 1.1: Planet mass and semi-major axis of observed exoplanets. The area between the two
black-dotted lines contains the range of super-Earth masses (1M  < Mp < 10M ) used in simu-
lations described in Section 2. The transparent yellow box denotes the observed super-Earths with
a semi-major axis in the inner solar system. The data are from exoplanets.org (Han et al. 2014).
collision rate on the Earth is debated (Horner & Jones 2008; 2012). The asteroid belt we observe
today is roughly 0.1% in mass of the original asteroid belt formed in the beginning of the solar
system. Several of the well known mean-motion resonances in our solar system are the Kirkwood
gaps (Dermott & Murray 1983; Moons 1996; Vrbik 1996; O’Brien et al. 2007), which are found
within the asteroid belt.
The outer edge of the ⌫6 resonance sets the inner boundary for our asteroid belt, which is
approximately located at 2AU. A large fraction of near Earth asteroids originate from the inner
main belt rather than the middle or outer belt (Bottke et al. 2002). Many of these asteroids within
the inner main belt are injected in the ⌫6 resonance and end up reaching Earth-crossing orbits
(Morbidelli et al. 1994; Bottke et al. 2000).
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The importance of the ⌫6 resonance is apparent through observations of craters in the solar
system. The Late Heavy Bombardment (LHB) event occurred early in the evolution of the solar
system. During this period, many lunar craters were formed from a large barrage of comets and
asteroids. The LHM is assumed to have ended about 3.7 to 3.8 billion years ago. Bottke et al.
(2012) found that the majority of these asteroids originated from the hypothetical extension of
the asteroid belt, the E-belt, which was located between 1.7 and 2.1AU. This region underwent
instabilities due to giant planet migration and is now currently depleted except for a family of high
inclination asteroids.
Observations of exoplanetary systems show an abundance of systems that possess a super-Earth
(Borucki et al. 2010; 2011; Batalha et al. 2013), a planet with a mass in the range of 1   10M 
(Valencia et al. 2007). Fig. 1.1 shows the planet mass and semi–major axis of observed exoplanets.
The area between the two black–dotted lines contains the observed super–Earths. The transparent
yellow box denotes the observed super–Earths with a semi-major axis located at orbital radii in the
range of the terrestrial planets in the solar system. The vast majority of observed super–Earths are
close to their parent star, although this is most likely a selection effect (Chiang & Laughlin 2013).
In a recent work, Martin & Livio (2015) have shown that perhaps the main characteristic that
distinguishes the solar system from the observed exoplanetary systems is the absence of super–
Earths. Consequently, it is very interesting to examine the effects that the presence of a super–
Earth would have had on asteroid impacts on Earth. Since the evolution of a planetary system
is a chaotic process (Malhotra 1999), adding a super-Earth can greatly influence the architecture
of an exoplanetary system. There are likely additional mechanisms that operate in exoplanetary
systems that result in the migration of planets, through the gas disk (Armitage 2013), through the
planetesimal disk (Wyatt 2003; Gomes et al. 2004), via secular processes such as the Kozai–Lidov
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mechanism (Kozai 1962; Lidov 1962; Wu & Murray 2003; Takeda & Rasio 2005; Martin et al.
2016) and through planet–planet scattering (Ford & Rasio 2008; Dawson & Murray-Clay 2013).
The Kepler data suggest that there is a overabundance of planetary systems with only one planet
(Lissauer et al. 2011; Hansen & Murray 2013) and this may be due to the destructive motion of the
planet (e.g. Morton & Winn 2014).
In this work we are interested in multi–planet exoplanetary systems in which there has not been
violent processes that might have destroyed an asteroid belt and prevented the formation of terres-
trial planets early in the lifetime of the system. Specifically, we investigate how the architecture of
the solar system affects asteroid impacts on the Earth.
White Dwarf Pollution
About 30% to 50% of all white dwarfs have metal-polluted atmospheres identified by metallic
absorption lines from spectroscopic measurements (e.g. Cottrell & Greenstein 1980; Koester et al.
1982; Lacombe et al. 1983; Zeidler-K.T. et al. 1986; Koester et al. 1997; Zuckerman et al. 2003;
Klein et al. 2010; Vennes et al. 2010; Zuckerman et al. 2010; Melis & Dufour 2017). A total of
about 1000 white dwarfs are known to be polluted. These findings appear at first glance to be
puzzling since white dwarf atmospheres stratify chemical elements through gravitational settling
(Koester & Wilken 2006; Koester 2009). The stratification or diffusion timescales for metals are
of the order of days to weeks for DA (hydrogen atmosphere) white dwarfs and 104   106 yrs for
DB (helium atmosphere) white dwarfs (Koester & Wilken 2006). This implies that the diffusion
timescale of metals is many orders of magnitude shorter than the white dwarf cooling time (Paque-
tte et al. 1986). Once the white dwarf has cooled below 25, 000K, metals are no longer supported
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by radiative forces and rapidly sink and diffuse within the white dwarf’s atmosphere due to the in-
tense gravity environment (Fontaine &Michaud 1979; Vauclair et al. 1979; Koester 2009). It takes
about 20Myr to reach a temperature of 25, 000K (Fontaine et al. 2001). It is noteworthy that DA
white dwarfs fall in a temperature range from 25, 000 K to 5, 000 K, which coincides with cooling
ages of 2Gyr to 20Myr, respectively (Koester et al. 2014). Accretion disks and pollution are ob-
served at 30Myr to 600Myr cooling ages (Farihi 2016). Thus, these polluted white dwarfs need
to be continuously accreting metal-rich material in order to observe the metal absorption lines.
Several theoretical models have been explored to explain the metal pollution. Accretion of
metallic material originating from the interstellar medium has been conclusively ruled out by Far-
ihi et al. (2010a) (see also Aannestad et al. 1993; Jura 2006; Kilic & Redfield 2007; Barstow et al.
2014). The currently favored pollution mechanism suggests that metal-rich planetary material is
tidally disrupted into a debris disk and then subsequently accreted onto the white dwarf (Ga¨nsicke
et al. 2006; Kilic et al. 2006; von Hippel et al. 2007; Farihi et al. 2009; Jura et al. 2009; Farihi et al.
2010b; Melis et al. 2010; Brown et al. 2017)(See also Farihi 2016; for review). The sources of
pollution that have been proposed include asteroids (Jura 2003; 2006; Jura et al. 2009; Debes et al.
2012), comets (Caiazzo &Heyl 2017), moons via planet-planet scattering (Payne et al. 2016; 2017)
and perturbations of planetary material due to eccentric planets (Frewen & Hansen 2014). Pertur-
bations may be also caused by Kozai-Lidov instabilities in stellar binaries (Hamers & Portegies
Zwart 2016; Petrovich & Mun˜oz 2017).
The chain of events is thought to be as follows. As a main-sequence star evolves, the star
undergoes significant mass loss during the red-giant branch (RGB) phase (Reimers 1977; McDon-
ald & Zijlstra 2015) and during the asymptotic giant branch (AGB) phase (Rosenfield et al. 2014;
2016). This mass loss is a result of radiation pressure pushing on the loosely bound outer layers
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of the red giant. The mass outflow, or stellar wind, leads to mass-loss rates of up to 10 4M yr 1
(e.g. Maoz 2016) that depletes the star of a large fraction of its initial mass. During the expansion
of the outer envelop, close-in planets are engulfed (Siess & Livio 1999; Villaver & Livio 2007;
2009; Mustill & Villaver 2012; Adams & Bloch 2013; Villaver et al. 2014), leading (among other
things) to dynamical changes within the system. As the star undergoes significant mass loss, due
to conservation of angular momentum, the orbits of all surviving bodies expand outward (Duncan
& Lissauer 1998). For planets and asteroids that are at orbital radii ap . 2000AU, the timescale
for mass loss is shorter than the orbital periods of the planets and so the orbits of the planets and
asteroids expand adiabatically (Veras et al. 2013; Caiazzo & Heyl 2017).
Debes et al. (2012) investigated white dwarf pollution by asteroids that originate from the 2:1
mean-motion resonance with Jupiter. In their model, as the star loses mass through its stellar
evolution, the libration width of the 2:1 resonance is slightly widened, forcing previously stable
asteroids to eventually become accreted onto the white dwarf. We propose that secular resonances
may provide an additional mechanism and source of pollution. Because of the changing planetary
dynamics in the system, the location of secular resonances does not necessarily change adiabat-
ically as do mean-motion resonances. For example, in our solar system, the ⌫6 resonance has a
smaller orbital radius than the 2:1 resonance, which may allow a greater number of asteroids from
the ⌫6 resonance to become tidally disrupted by the white dwarf.
In the present work we investigate the evolution of a system that contains a white dwarf that
harbors a planetary system and an exo-asteroid belt. The giant outer planets and the asteroid belt are
sufficiently far from the white dwarf that they survive the stellar evolution through the RGB/AGB
phases. We consider systems with two giant planets, like the solar system, and systems with one
giant planet and a binary stellar companion. We explore how different system architectures are
8
able to pollute the atmospheres of white dwarfs.
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CHAPTER 2
ANALYTICAL MODELS
Eigenfrequency
The ⌫6 secular resonance properties are affected by both Saturn and Jupiter (Bottke et al. 2000;
Ito & Malhotra 2006). Jupiter increases the precession frequency of the asteroids so that they
fall into a resonance with the apsidal precession rate of Saturn. The location of the ⌫6 resonance
is found by calculating the location of intersection of a test particle’s precession rate with Sat-
urn’s eigenfrequency. We consider a planetary system with a total of N planets orbiting a cen-
tral object with mass m⇤. Each planet has a semi–major axis aj , mass mj and orbital frequency
nj =
q
Gm⇤/a3j , where j = 1, ..., N . The eigenfrequency of each planet is found by calculat-
ing the eigenvalues of the N ⇥ N matrix Ajk associated with a generalized form of the secular
perturbation theory
Ajk =  1
4
mk
m⇤ +mj
nj↵jk↵¯jkb
(2)
3/2(↵jk) (2.1)
for j 6= k and otherwise
Ajj =
1
4
NX
k=1,k 6=j
mk
m⇤ +mj
↵jk↵¯jkb
(1)
3/2(↵jk) (2.2)
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(Murray &Dermott 2000;Minton &Malhotra 2011;Malhotra 2012), where the Laplace coefficient
b(j)s (↵) is given by
1
2
b(j)s (↵) =
1
2⇡
Z 2⇡
0
cos(j ) d 
(1  2↵ cos + ↵2)s (2.3)
and ↵jk and ↵¯jk are defined as
↵jk =
8>>><>>>:
ak/aj, if aj > ak (internal perturber),
aj/ak, if aj < ak (external perturber),
(2.4)
and
↵¯jk =
8>>><>>>:
1, if aj > ak (internal perturber),
aj/ak, if aj < ak (external perturber).
(2.5)
We find that the g6 eigenfrequency has a value of 22.1300yr 1 (includes only Jupiter and Saturn)
and a value of 22.1600yr 1 (includes all the planets in the Solar System), which is lower by roughly
20% from the more accurate value of 27.7700yr 1 given by Brouwer & van Woerkom (1950) (See
also Minton & Malhotra 2011). Brouwer & van Woerkom (1950) obtained a more accurate value
of the eigenfrequency by including higher-order terms in the disturbing function, due to Jupiter
and Saturn’s proximity to the 5:2 resonance (Minton & Malhotra 2011). Fernandez & Ip (1984)
and Ferna´ndez & Ip (1996) suggested that the jovian planets proximity to the current near resonant
structure could be a consequence of the differential expansion of their orbits during late stages of
planetary formation (see also Michtchenko & Ferraz-Mello 2001).
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Asteroid Precession Rates
We calculate the precession rate of test particles in the potential of the planetary system. The
precession rate is given by
$˙ =
n
4
NX
j=1
mj
m⇤
↵j↵¯jb
(1)
3/2(↵j) (2.6)
(e.g. Murray & Dermott 2000), where n is the orbital frequency of the test particle. In this work, we
take N = 2 and consider only the planets Jupiter and Saturn since the inner planets are engulfed
during the RGB/AGB phases. The outer giants Neptune and Uranus do not significantly affect
the dynamics of the asteroid belt (Izidoro et al. 2016). Saturn also does not noticeably affect the
precession rate of the asteroids in the asteroid belt – that rate is dominated by Jupiter.
Resonance Widths
Each mean-motion and secular resonance has a width that the resonant perturbations operate
over. Asteroids within this width undergo heightened eccentricities, causing the asteroids to impact
a larger body or be ejected from the system. In order to calculate the width of the ⌫6 secular
resonance, we follow Malhotra (2012) and calculate the maximum forced eccentricity of a test
particle near the ⌫6 resonance, which is given by
emax =
F6
g0   g6 , (2.7)
where g0 is the natural frequency, g6 is Saturn’s secular eigenfrequency, and F6 represents Saturn’s
planetary secular mode frequency. The natural frequency and the secular mode frequency are given
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Figure 2.1: Forced eccentricity of a test particle near the ⌫6 secular resonance as a function of
semi-major axis.
by
g0 =
1
2
NX
j=1
mj
p
aj
m⇤
p
a
↵j↵¯jb
(1)
3/2(↵j)nj (2.8)
and
F6 =
1
8
NX
j=1
mj
p
aj
m⇤
p
a
↵j↵¯jb
(2)
3/2(↵j)njE
(6)
j , (2.9)
respectively, where ↵j = min{a/aj, aj/a}, ↵¯j = min{1, a/aj}, m⇤ is the mass of the star, a is
the semi-major axis of the test particle and E(6)j is the component of the eigenvectors related to the
6th secular mode. The values of E(6)j are determined by calculating the eigenvectors of the matrix
Aij given in equations (2.1) and (2.2).
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Figure 2.2 is a reconstruction of the liberation widths for the first-order mean-motion reso-
nances with Jupiter. The areas where the liberation widths overlap are known as chaotic regions,
where almost all of the asteroids will be cleared out. It is possible to derive analytic estimates
of the liberation widths of the resonance. An expression for these widths is given by Dermott &
Murray (1983)
 amax
a
= ±
✓
16
3
| Cr |
n
◆1/2✓
1 +
1
27j22e
3
| Cr |
n
◆1/2
  2
9j2e
| Cr |
n
, (2.10)
where j2 is a coefficient and Cr is the resonant part of the disturbing function, given by
Cr =
✓
m
0
mc
◆
n↵fd(↵). (2.11)
Figure 2.3 shows the evolution of an asteroid belt in the presence of a Jupiter-mass planet on
a non-inclined circular orbit from time t = 0Myr to t = 90Myr. The dark transparent regions
indicate the libration widths of mean-motion resonances with Jupiter. Initially the asteroids semi-
major axes are calculated and binned from a uniform distribution (discussed further in Chapter 3).
During the asteroid belt’s evolution, asteroids are cleared out at various resonance locations by
heightened eccentricities.
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Figure 2.2: The transparent regions represent the libration width as a function of semi-major axis
and eccentricity for a selection of Jupiter’s mean-motion resonances located within the asteroid
belt. The overlapping of the libration widths denotes Jupiter’s chaotic region.
Figure 2.3: The transparent regions represent the libration width as a function of semi-major axis
and eccentricity for a selection of Jupiter’s mean-motion resonances located within the asteroid
belt. The overlapping of the libration widths denotes Jupiter’s chaotic region. The red circles
represent a single asteroid within our asteroid distribution. Simulation times are shown at t =
0Myr (left panel) and t = 90Myr (right panel).
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CHAPTER 3
NUMERICAL MODELS
We use the hybrid symplectic integrator in the orbital dynamics package, MERCURY, to model
the structure of the asteroid belt and the asteroid impact rate on the Earth in the presence of a super–
Earth. MERCURY uses N-body integrations to calculate the orbital evolution of objects moving in
the gravitational field of a large body (Chambers 1999).
The asteroids in our simulations are point particles that do not interact gravitationally with one
another but do interact gravitationally with the planets and the central object. We may neglect this
interaction because the timescale for asteroid-asteroid collisional interaction is much longer than
the timescale for the action of perturbations by resonance effects. The timescale for resonant effects
is on the order of ⇠ 1Myr (Ito & Tanikawa 1999), whereas some of the largest asteroids have
collisional timescales that are of the order of magnitude of the age of the solar system (Dohnanyi
1969).
The orbit of each asteroid is defined by six orbital elements, a, i, e, n, g and Ma. The semi-
major axis, a, is distributed uniformly in the range amin < a < amax, the inclination, i, is randomly
allocated from the range 0 10 , the eccentricity, e, is randomly generated from the range 0.0 0.1.
The longitude of the ascending node, n, the argument of perhelion, g, and the mean anomaly,Ma,
are all uniformly randomly sampled from the range 0 360 . The longitude of the ascending node,
n, is defined as the angle from a reference direction to the ascending node, g is the angle from the
ascending node to the object’s periastron, andMa is the angular distance from the periastron.
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Asteroid Impacts on Terrestrial Planets
We simulate the motion of a super-Earth, Earth, Jupiter, Saturn, and a distribution of asteroids
orbiting a central object. The asteroids interact gravitationally with the planets and the star but do
not interact with one another. We calculate the evolution of each asteroid orbit for a duration of ten
million years.
The total mass observed in the solar system’s asteroid belt is about 5 ⇥ 10 4M , with about
80% of the mass contained in the three largest asteroids (Ceres, Pallas, and Vesta). Today, there
are over 10, 000 asteroids with high accuracy measurements of the semi-major axis, with the mean
being < a >= 2.74 ± 0.616 AU. The mean eccentricity is < e >= 0.148 ± 0.086 and the
mean inclination is < i >= 8.58  ± 6.62  (Murray & Dermott 2000). However, the exact initial
structure of the distribution of asteroids within an asteroid belt immediately after the dispersal of
the protoplanetary disk is not fully understood. We assume that the asteroid distribution is sampled
from a uniform distribution (Lecar & Franklin 1997). The semi-major axis of each asteroid is given
by
ai = (amax   amin)⇥  r + amin, (3.1)
where amin = 1.558AU is the inner boundary of the distribution, amax = 4.138AU is the outer
boundary, and  r is a randomly generated number between 0 and 1. The inner and outer boundaries
are determined using the structure of our own solar system, amin is three Hill radii beyond the semi-
major axis of Mars and amax is located at three Hill radii interior to Jupiter’s orbit. The Hill radius
is given by
RH = ap
✓
Mplanet
3Mstar
◆ 1
3
(3.2)
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Figure 3.1: A log–log plot showing how the number of asteroid collisions scales with the inflated
radius of the Earth, R. The black line shows how the total number of Earth collisions by asteroids
(Nc) scales with changing radius of our simulated inflated Earth. The blue lines shows the number
of Earth collisions in the presence of a 10M  super–Earth at semi–major axis 0.8AU as a function
of inflated Earth radii. The red-dotted line represents the line Nc(R) / R and the yellow-dotted
line represents the line Nc(R) / R2.
where ap is the semi-major axis of the planet andMplanet is the mass of the planet. Generally, three
Hill radii is the planet’s gravitational reach and thus no asteroids would likely be located within
this region (Gladman 1993; Chatterjee et al. 2008; Morrison & Malhotra 2015).
First, we checked the scalability of our results with the number of asteroids initially in the belt.
We physically inflated the radius of the Earth to be 2⇥ 106 km, in order to enhance the number of
asteroids on Earth-crossing orbits. We ran a simulation of Earth, Jupiter, Saturn, and a uniformly
distributed asteroid belt. The simulation ran for ten million years, with a timestep of eight days with
an accuracy parameter of 1 ⇥ 10 12. The accuracy parameter measures approximately how much
error per step the variable-timestep symplectic algorithm will tolerate. We ran three simulations
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with 103, 104 and 105 asteroids. We found that the number of asteroid collisions scaled linearly
with the initial number of asteroids, as we would expect. Thus, to ensure faster simulation times
and significant results we took the total number of asteroids in the rest of our work to be 104.
Next, in Fig. 3.1, we examined how the number of asteroid collisions with the Earth scales
with the radius of the inflated Earth. We ran two series of simulations that included Jupiter, Saturn,
the asteroid belt, and the inflated Earth. The first set does not include a Super–Earth while the
second set incorporated a super–Earth of mass 10M  at orbital separation 0.8AU . In each series
of these simulations we change the radius of the inflated Earth and measure the resulting asteroid
collisions with the Earth. If the Earth has a radius of 1R  then the number of collisions throughout
the simulation is only a few. The simulation with the super–Earth always produces a higher rate
of collisions than the simulation without a super–Earth and so the effects of the super–Earth occur
at all inflated-Earth radii. Thus, inflating the Earth allows for the emergence of trends within
the asteroid belt. In order to get statistically significant results we inflated the size of the Earth
to 2 ⇥ 106 km. Note that since the size of the Earth is inflated, we cannot compare the absolute
numbers of asteroid collisions with the Earth with any other outcomes such as collisions with other
planets or ejections. We are only able to compare the relative numbers of collisions with an object
between simulations.
White Dwarf Pollution
We calculated the evolution of each asteroid orbit for a duration of 50 million years, since this
is longer than the cooling age of many white dwarfs. We set up two simulations with a white dwarf
mass of 0.5M  and determined the dynamics of asteroids close to the ⌫6 secular resonance and
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close to the 2:1 mean-motion resonance, for comparison. Each simulation had a width of 0.5AU
in initial semi-major axis. The simulation range in semi-major axis for the ⌫6 resonance simulation
was taken to be 4.2AU up to 4.7AU. The inner boundary of the ⌫6 simulation was chosen based
on the adiabatic expansion (see equation (5.1)) of the observed inner boundary of the asteroid belt,
which is located at 2.1AU (Petit et al. 2001). Thus, we only simulated the region that we expect
asteroids to be in. The inner and outer boundaries of the 2:1 simulation at 6.31AU and 6.81AU
were chosen to be centered on the location of the resonance at 6.56AU. The value of 6.56AU
represents the adiabatic expansion of the average semi-major axis value of the location of the 2:1
mean-motion resonance (3.27579AU, Nesvorny´ & Morbidelli 1998). Note that this simulation
had not include any asteroid depletion at the resonance location. Between these boundaries, we
placed 20, 000 test particles uniformly within the width of 0.5AU.
The semi-major axes of Jupiter and Saturn are chosen based on adiabatic expansion (see values
for a 0.5M  white dwarf in Fig. 5.1). The remaining orbital elements for the planets are taken to
be equal to the present-day values, since the solar system is stable over long timescales (Duncan
& Lissauer 1998; Ito & Tanikawa 2002).
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CHAPTER 4
RESULTS: ASTEROIDAL IMPACTS
We first investigated the influence of the architecture of the inner solar system on the asteroid
collisions on Earth. In particular, since Martin & Livio (2015) identified the absence of super–
Earths as perhaps the most important architectural element that distinguishes the solar system from
other exoplanetary systems, we varied the mass and semi–major axis of an added super–Earth in
the inner solar system. The super–Earth’s inclination and eccentricity were initially set to zero.
To ensure that our simulation with the super–Earth runs correctly, we checked the stability of our
system without the asteroid distribution.
Total Number of Earth Collisions
In table 4.1 we show the parameters of twenty-one simulations and the summary of the asteroid
collisional outcomes at a time of 10Myr. We used super–Earth masses in the range 1  10M  and
semi–major axis in the range 0.2   1.4AU. In each simulation we determined the total number
of asteroid impacts on the Earth, impacts on the other planets, impacts on the star, the number of
asteroids ejected from the system, and the number of asteroids remaining within the distribution.
An asteroid is considered to have been ejected if its semi–major axis exceeds 100AU. Run1 from
table 4.1 represents our current solar system as it includes Earth, Jupiter, and Saturn but does not
include a super–Earth planet. All of the simulations possessing a super–Earth were compared with
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that for our current solar system. Since we have inflated the size of the Earth in order to enhance
the number of collisions, we compare only collision rates with the Earth between simulations. We
cannot compare the number of collisions with the Earth to the other outcomes of collisions with
other bodies or ejections. We include the other outcomes only for completeness.
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Table 4.1: Number of asteroidal outcomes for various simulated solar system architectures involving a super–Earth (SE), Earth, Jupiter
(J), and Saturn (S). Note that since the size of the Earth has been inflated, the number of Earth impacts cannot be compared to the other
outcomes. We only make comparison between the number of Earth impacts between different simulations.
Simulation Name SE Mass SE Semi-major Axis Earth Impacts J/S/SE Impacts Star Collision Ejected Remaining
M  AU
run1 — — 808 55 2 1112 8023
run2 5 0.22 803 42 1 1135 8019
run3 5 0.40 805 49 1 1121 8024
run4 5 0.50 826 45 3 1138 7988
run5 5 0.60 857 40 4 1115 7984
run6 5 0.70 877 47 1 1131 7944
run7 5 0.80 942 41 1 1121 7895
run8 5 1.20 394 51 1 1169 8385
run9 5 1.40 569 71 2 1221 8138
run10 10 0.22 798 63 1 1125 8013
run11 10 0.40 816 51 1 1122 8010
run12 10 0.50 874 53 3 1106 7964
run13 10 0.60 935 40 2 1118 7905
run14 10 0.70 978 32 2 1143 7845
run15 10 0.80 1236 43 3 1126 7592
run16 10 1.20 310 62 1 1166 8461
run17 10 1.40 615 77 1 1239 8068
run18 1 0.80 801 33 1 1157 8008
run19 2 0.80 843 58 2 1125 7972
run20 3 0.80 868 46 0 1147 7939
run21 4 0.80 913 52 5 1116 7914
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Figure 4.1: Left Panel: Total number of asteroid collisions with the Earth as a function of the
semi–major axis of the super–Earth. The simulations with a 5M  super-Earth are denoted by
hollow circles and the simulations with a 10M  super-Earth are represented by the star symbols.
The square represents the simulation of the standard solar system (without a super-Earth). Right
Panel: Total number of asteroid collisions with the Earth as a function of super–Earth mass in units
of Earth masses (M ) at semi-major axis aSE = 0.8AU.
Fig. 4.1 shows the total number of asteroid collisions with the Earth (left panel) and total
number of collisions with the Earth as a function of super–Earth mass with an orbital separation
of 0.8AU (right panel) after a time of 10Myr. A super–Earth that is located interior to Earth’s
orbit increases the asteroid impact rate on the Earth compared to a system without a super–Earth.
A super-Earth located exterior to Earth’s orbit, decreases the asteroid impact rate compared to a
system without a super–Earth. A 10M  super-Earth located at a semi-major axis of 0.8AU causes
the largest number of impacts on Earth, whereas a 10M  super-Earth located at a semi-major
axis of 1.20AU causes the lowest rate of impacts on the Earth. There is a general trend for the
total number of asteroid impacts on Earth for super-Earths located interior to Earth’s orbit. As
the separation of the super-Earth (from the Sun) increases, the asteroid impact flux on Earth also
increases.
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Figure 4.2: Evolution of the asteroid distribution over a span of 10 million years. The asteroid
distribution is located in a system containing Earth, Jupiter, Saturn, and a super–Earth (except for
the control simulation at top left). The asteroids are initially sampled from a uniform distribution
in semi-major axis values, represented at t = 0Myr. Top-Left Panel: Evolution of asteroid dis-
tribution without a super-Earth. Top-Right Panel: Evolution of asteroid distribution with a 10M 
super-Earth located at a semi-major axis of 0.8AU. Bottom-Left Panel: Evolution of asteroid dis-
tribution with a 10M  super-Earth located at 1.2AU. Bottom-Right Panel: Evolution of asteroid
distribution with a 10M  super-Earth located at 1.4AU.
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Evolution of the Asteroid Belt
Figure 4.2 shows the evolution of the asteroid belt for simulations involving no super–Earth
(top-left panel), a 10M  super–Earth at a = 0.8AU (top-right panel), a 10M  super–Earth at
a = 1.2AU (bottom-left panel), and a 10M  super–Earth at a = 1.4AU (bottom-right panel).
Each one of these systems also contains Earth, Jupiter, and Saturn. The distribution was calculated
every million years for ten million years. As the evolution takes place, areas of the asteroid distri-
bution proceed to be cleared out by gravitational perturbations. These perturbations are the result
of mean–motion and secular resonances with Jupiter and Saturn. The most notable mean–motion
resonances are the 3:1, 5:2, 7:3, and 2:1, located at 2.5AU, 2.8AU, 2.9AU, and 3.3AU, respec-
tively. These resonances are located at the same location as our Kirkwood Gaps. Jupiter’s chaotic
region is located from 3.6AU to the outer boundary of the asteroid distribution (4.133AU). This
region is produced by overlapping libration widths of the mean–motion resonances (Murray &
Holman 1997; 1999). The ⌫6 resonance is located at 2.0AU along with Jupiter’s 4:1 mean–motion
resonance. The system containing a 10M  super–Earth located at a semi–major axis of 0.8AU
appears to have a broader ⌫6 libration width than a system with no super–Earth. In contrast, if
the super–Earth is located exterior to Earth’s orbit, the ⌫6 resonance completely disappears. We
discuss this further in sections 3.3 and 3.5.
Resonances in the Asteroid Belt
There are five potential outcomes for each asteroid during the various simulations. These are:
ejection of the asteroid from the solar system, collision with the Earth, collision with another
planet, collision with the Sun, or the asteroid remaining in the asteroid belt. Figure 5.3 shows the
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Figure 4.3: The original semi-major axis of each asteroid as a function of the time when the final
outcome occurred. The possible outcomes for each asteroid include Earth-impact (red) and other
(blue). ”Other” refers to ejection, Juptier-impact, Saturn-impact, or colliding with central object.
The inner and outer boundary of the asteroid distribution are located at amin = 1.558AU and
amax = 4.138AU. Top-left Panel: Asteroid outcomes for a system with no super–Earth. Top-Right
Panel: 10M  super–Earth located at a semi-major axis of 0.8AU. Bottom-Left Panel: 10M 
super–Earth located at a semi-major axis of 1.2AU. Bottom-Right Panel: 10M  super–Earth
located at a semi-major axis of 1.4AU. The mean-motion resonances with Jupiter are represented
with the black-dotted line, with the name of each resonance listed to the right of their respected
line. The mean-motion resonances with the super–Earth are represented by the red-dotted lines.
27
various asteroid outcomes for a system with no super–Earth (top–left panel), a 10M  super–Earth
located at a semi–major axis a = 0.8AU (top–right panel), a 10M  super–Earth located at a =
1.2AU (bottom–left panel), and a 10M  super–Earth located at a = 1.4AU (bottom–right panel).
The initial semi-major axis of each asteroid is shown as a function of the time of its final outcome.
The asteroids that were cleared out are originally located at the resonance locations, because mean-
motion and secular resonances operate over the initial semi-major axis of each asteroid, increasing
the asteroid’s eccentricity. On the right hand vertical axis we show the mean–motion resonance
locations with Jupiter and the super-Earth. When a 10M  super–Earth is located at a = 0.8AU,
there is a widening of the ⌫6 secular resonance, which increases the number of asteroids perturbed
onto Earth-colliding orbits. When the super–Earth is placed exterior to Earth’s orbit, there is a
substantial decrease in the number of Earth–colliding asteroids. This is due to the ⌫6 resonance
being suppressed. When the super–Earth is located exterior to Earth’s orbit, a 2:1 mean-motion
resonance is created within the asteroid belt. This resonance causes additional asteroids to be
cleared out. A chaotic zone due to the super–Earth, is seen for the system with a 10M  super–
Earth located at 1.4AU. This chaotic zone is produced from the overlapping libration widths of
the super–Earth’s 6:5, 4:3, and 7:5 mean-motion resonances. This chaotic zone causes a larger
number of asteroids to be cleared out from the inner parts of the asteroid belt.
Collision Rate of the Earth
To determine the frequency of asteroid collisions with the Earth, the asteroid collision rate was
calculated and plotted in Fig. 4.4. In the top panel, we show the collision rate for systems with
a 10M  super–Earth at various semi-major axis locations and in the bottom panel, the collision
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Figure 4.4: Number of asteroid collisions towards Earth per million year for select simulations
described in Table 1. Top Panel: Collision rate for simulations involving a 10M  super–Earth.
Bottom Panel: Collision rate for simulations involving a 5M  super–Earth.
rate for systems with a 5M  super–Earth for various semi-major axis values. The collision rate
was calculated per million years, for ten million years. Initially, the collision rate is higher than
compared to later times, due to the fact that there is a larger asteroid population at the beginning
of the simulations than at the end. After one million years, the super–Earth located at 1.4AU
caused the greatest number of collisions, but the rate rapidly declined. This behavior is due to the
chaotic region of the super–Earth, which quickly clears out asteroids in locations of overlapping
resonances, perturbing them onto Earth–crossing orbits. This chaotic region can be clearly seen in
the bottom–right panel in Fig. 5.3. The system with a 10M  super–Earth at 0.8AU has the highest
asteroid impact rate for the duration of the simulation. When comparing with the simulations
that involve 5M  super–Earths, the collision rate is also the highest for a super–Earth located at
a = 0.8AU.
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The ⌫6 Resonance
The majority of the asteroid collisions with the Earth are from asteroids that originate from the
location of the ⌫6 resonance in the asteroid belt. Thus, this secular resonance may have played a
significant role in making the Earth habitable. In our simulation without a super–Earth, the total
number of asteroids that collided with the Earth from secular resonances was about two and a half
times that from mean–motion resonances.
The ⌫6 secular resonance is due to both Saturn and Jupiter. Jupiter increases the precession
frequency of the asteroids so that they fall into a resonance with the apsidal precession rate of
Saturn. In Fig. 4.5 we show the precession rate of a test particle as a function of orbital separation.
The solid horizontal line denotes the g6 eigenfrequency of Saturn which is found by calculating the
eigenvalues of the matrix Aij associated with a generalized form of the secular perturbation theory
(See, e.g., Section 7.7 in Murray & Dermott 2000). The top-left and top-right correspond to the
systems which include no super–Earth and a super–Earth located interior to Earth, respectively,
and the bottom-left and -right both correspond to systems with a super-Earth located exterior to
Earth. The values of Saturn’s eigenfrequency for each of these systems are found to be 22.1300yr 1,
22.1500yr 1, 22.1800yr 1, and 22.2000yr 1, respectively. The inclusion of a super–Earth has little
influence on the value of the g6 eigenfrequency. We also find that the inclusion of Saturn does not
noticeably affect the precession rate of the asteroids–that rate is dominated by Jupiter. The top-
left panel of Fig. 4.5 resembles our solar system with the inclusion of Earth, Jupiter, Saturn, and
the asteroid belt. The intersection of the particle’s precession rate with Saturn’s eigenfrequency
represents the location of the ⌫6 resonance, which is located at ⇠ 2AU.
The inclusion of a super–Earth, which has a mass that is significantly smaller than that of the
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Figure 4.5: The precession rate of a test particle as a function of semi-major axis in the inner part
of the solar system. The solid horizontal line represents the gi eigenfrequency of Saturn. The
intersection of the precession rate of the test particle with the eigenfrequency of Saturn denotes the
location of a secular resonance. Top-Left Panel: A system with no super–Earth. In this case, the
intersection located at 2AU is the location of the ⌫6 resonance within the asteroid belt. Top-Right
Panel: System with a 10M  super–Earth located at a semi–major axis of a = 0.8AU. Bottom-Left
Panel: System with a 10M  super–Earth located at a semi–major axis of a = 1.2AU. Bottom-
Right Panel: System with a 10M  super–Earth located at a semi–major axis of a = 1.4AU.
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giant planets Jupiter and Saturn, can lead to a large enough change in the asteroid precession rate
to enhance or to remove the resonance with Saturn, depending on the location of the super–Earth.
The enhancement of the ⌫6 resonance is observed in the top-right panel of Fig. 4.5, where the
super–Earth is located interior to Earth’s orbit at a semi-major axis a = 0.80AU. The precession
rate of the test particle is close to the eigenfrequency of Saturn for semi-major axis values from
⇠ 1.5AU to ⇠ 2AU, which causes an enhancement of the ⌫6 resonance.
Re-examining the top-left panel in Fig. 4.5, there are ”two” ⌫6 resonance locations, located at
about 1.3AU and 2.0AU, respectively. When a super–Earth is included within this model at an
orbital separation of 0.8AU, these two resonance locations become closer together as the mass of
the super–Earth increases. We follow Malhotra (2012) by constructing a analytical toy model of
the ⌫6 resonance width by calculating the forced maximum eccentricity of a test particle near the
⌫6 resonance with and without a super–Earth. When the mass of the super–Earth reaches 10M ,
the widths of the two ⌫6 resonances converge, forcing the resonance to operates over a larger range
of semi-major axis values, this in turn, causes an enhancement of the resonance.
The removal of the ⌫6 resonance occurs when the super–Earth is located exterior to Earth’s
orbit. This can be seen in the bottom-left panel (super–Earth located at a = 1.2AU) and the
bottom-right panel (super–Earth located at a = 1.5AU) of Fig. 4.5, where the precession rate of
the test particle does not intersect with the eigenfrequency of Saturn, leading to the disappearance
of the ⌫6 resonance. This analysis of the precession rate of a test particle agrees with the results
described in the previous Section. Re-examining Fig. 5.3, we can see that when the super–Earth is
located interior to Earth’s orbit we have a widening of the libration width (⇠ 1.5AU to ⇠ 2.0AU)
of the ⌫6 resonance, whereas if the super–Earth is located exterior to Earth’s orbit, the resonance
is removed. Thus, the enhancement or removal of the ⌫6 resonance is predicated on the location of
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the super–Earth.
We next considered the properties of the outer giant planets that produce a ⌫6 resonance in the
location of the asteroid belt. We keep the mass and orbital separation of Jupiter fixed. The location
of the ⌫6 resonance as a function of Saturn’s semi-major axis and mass is shown in Fig. 4.6. In the
left panel, the location of the ⌫6 resonance as a function of Saturn’s semi-major axis was found by
calculating the resulting eigenfrequency of Saturn and then finding the location of the intersection
with the precession rate of a test particle. The precession frequency of the test particle was calcu-
lated by including the planets Earth, Jupiter, and Saturn. However, Saturn’s eigenfrequency was
calculated by including only Jupiter since the Earth has a negligible influence in the calculation.
We included a correction due to the near 2:1 mean-motion resonance between Jupiter and Saturn
(Malhotra et al. 1989; Minton & Malhotra 2011). The location of the resonance drastically moves
outwards as Saturn becomes closer to a 2:1 resonance with Jupiter at about 8.3AU. As Saturn
moves outwards, the resonance location moves inwards. The right panel of Fig. 4.6 shows the
location of the ⌫6 resonance as a function of Saturn’s mass, while Saturn is located at its current
semi-major axis of 9.5AU. We direct the readers to a more accurate calculation of Minton &
Malhotra (2011)(see their figure 2) for the value of g6 and the ⌫6 location as a function of Saturn’s
semi-major axis. If we increase Saturn’s mass, then the location of the resonance moves outwards
slightly. For a mass that is one tenth of its current value, the resonance moves inwards only slightly.
The resonance location is rather more sensitive to the orbital separation than to the mass of Saturn.
We have run additional numerical simulations of the asteroid belt to consider the effects of
varying the properties of the outer giant planets. We varied Saturn’s semi-major axis and mass
to verify the trends found in Fig. 4.6. The results of these simulations are presented in Table 4.2.
Varying Saturn’s semi–major axis (runs 22-27 from Table 4.2) follows the trend calculated in
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Figure 4.6: Left Panel: Location of the ⌫6 secular resonance with respect to the semi-major axis of
Saturn. A correction was implemented due to the near 2:1 mean-motion resonance between Jupiter
and Saturn (Malhotra et al. 1989; Minton & Malhotra 2011). The dotted line shows the location
of this 2:1 mean-motion resonance. Right Panel: Location of the ⌫6 resonance as a function of the
mass of Saturn.
Fig. 4.6 (left panel). As Saturn’s semi-major axis increases, the location of the ⌫6 resonance moves
outside the asteroid belt boundaries. On the other hand, when the semi–major axis decreases,
the ⌫6 resonance moves towards the middle/outer regions of the asteroid belt. This change in the
location of the resonance can be seen in Fig. 4.7, where the left panel represents the various asteroid
outcomes when Saturn is located at a semi–major axis of a = 8.0AU and the right panel shows the
outcomes for when Saturn is located at a = 12.0AU. Again, the time of the particular outcome is
plotted with respect to the initial semi-major axis of each asteroid.
For the case where Saturn is located at a = 8.0 , the location of the ⌫6 resonance is shifted
outward to approximately 3.5AU, which is what is expected according to the left panel of Fig. 4.6.
This movement of the resonance causes a decrease in the number of collisions with the Earth, but
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Figure 4.7: The original semi-major axis of each asteroid as a function of the time when the
final outcome occurred. The possible outcomes for each asteroid include Earth-impact (red) and
other (blue). ”Other” refers to ejection, Juptier-impact, Saturn-impact, or colliding with central
object. The inner and outer boundary of the asteroid distribution are located at amin = 1.558AU
and amax = 4.138AU. Left Panel: Asteroid outcomes for a system with Saturn located at a
semi-major axis a = 8AU. Right Panel: Saturn located at a semi–major axis a = 12AU. The
mean–motion resonances with Jupiter are represented with the black–dotted line and the red-dotted
line represents a mean-motion resonance between the asteroids and Saturn. Each mean-motion
resonance is listed to the right of their respected line.
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causes a significant increase in the number of asteroid ejections. For the situation where Saturn’s
semi-major axis is taken to be 12.0AU, there is no ⌫6 secular resonance. The disappearance of
the resonance is caused by there being no intersection of the particles precession rate with Saturn’s
eigenfrequency. Overall we find that varying the orbital separation of Saturn in both directions
has a significant effect on the location of the ⌫6 secular resonance and that it generally leads to
a decrease in the number of asteroid collisions. However, the orbital location of Saturn may not
be accidental, since it is close to being in the 5:2 resonance with Jupiter. Fernandez & Ip (1984);
Ferna´ndez & Ip (1996) suggested the jovian planets proximity to the current near resonant structure
could be a consequence of the differential expansion of their orbits during late stages of planetary
formation (e.g. Michtchenko & Ferraz-Mello 2001).
When the mass of Saturn is changed (runs 28-31 from Table 4.2), the calculated trend in Fig. 4.6
(right panel) breaks down for masses greater than 1.5MSaturn (results not shown in Table 4.2). For
the situations where Saturn’s mass is greater than 1.5MSaturn, the Earth’s orbit becomes highly
eccentric (e ⇡ 0.5) which causes a higher number of asteroid impacts. When Saturn has a mass
of 0.1MSaturn the number of asteroid collisions with Earth is substantially lower, since the ⌫6
resonance is located outside the asteroid distribution. The location of the ⌫6 resonance is more
sensitive to changes in Saturn’s orbital separation than to its mass.
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Table 4.2: Number of asteroidal outcomes with varying parameters of Saturn. Each simulation includes Earth, Jupiter (J), and Saturn
(S). Note that since the size of the Earth has been inflated, the number of Earth impacts cannot be compared to the other outcomes. We
only make comparison between the number of Earth impacts between different simulations .
Simulation Name Saturn Mass Saturn Semi-major Axis Earth Impacts J/S Impacts Star Collision Ejected Remaining
MS AU
run22 1.0 8.0 514 113 2 2705 6666
run23 1.0 9.0 1012 37 0 1206 7745
run24 1.0 9.537 808 55 2 1112 8023
run25 1.0 10.0 957 48 4 1034 7957
run26 1.0 11.0 248 50 1 966 8735
run27 1.0 12.0 210 54 1 928 8807
run28 0.1 9.537 172 83 1 874 8870
run29 0.5 9.537 447 55 2 1005 8491
run30 1.0 9.537 808 55 2 1112 8023
run31 1.5 9.537 1163 49 3 1238 7547
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CHAPTER 5
RESULTS: WHITE DWARF POLLUTION
Solar System
In this Section we first consider how our solar system evolves once our Sun becomes a white
dwarf. We assume that the terrestrial planets, up to the Earth, become engulfed in the Sun
(Schro¨der & Connon Smith 2008), while the orbits of the giant planets and the asteroid belt ex-
pand adiabatically. We model the evolution of the ⌫6 resonance in the solar system first analytically
and then numerically with N–body simulations of the asteroid belt with the remaining planetary
system.
Analytic Results
Here we examine the resonance location and the resonance width for the ⌫6 resonance in the
solar system both before and after the Sun becomes a white dwarf. The ⌫6 secular resonance
properties are affected by both Saturn and Jupiter (Bottke et al. 2000; Ito &Malhotra 2006). Jupiter
increases the precession frequency of the asteroids so that they fall into a resonance with the apsidal
precession rate of Saturn. The location of the ⌫6 resonance is found by calculating the location of
intersection of a test particle’s precession rate with Saturn’s eigenfrequency.
The semi-major axes of the planets are assumed to undergo adiabatic expansion based on the
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Figure 5.1: The semi-major axes of Saturn, Jupiter, and the ⌫6 secular resonance as a function
of white dwarf mass. The location of the ⌫6 resonance was found by calculating the location of
intersection of the asteroids precession rate with the eigenfrequency of Saturn. Both Jupiter and
Saturn’s orbital separation depend on the adiabatic expansion which is proportional to the ratio of
the initial stellar mass to the white dwarf mass (see equation 5.1). The location of the adiabatically
expanded asteroid belt as a function white dwarf mass is shown by the red-shaded region.
ratio of the initial stellar mass to the white dwarf mass,
afinal = ainitial
✓
m⇤
mwd
◆
. (5.1)
Fig. 5.1 shows the location of Jupiter, Saturn, and the ⌫6 secular resonance with Saturn as a function
of white dwarf mass. We consider white dwarf masses in the range 0.4M  to 0.6M  as expected
for the Sun (Liebert et al. 2005; Falcon et al. 2010; Tremblay et al. 2016). For our standard model
we choose a mass of 0.5M  (e.g. Sackmann et al. 1993; Schro¨der & Connon Smith 2008). The
location of the adiabatically expanded asteroid belt as a function of white dwarf mass is shown
by the blue-shaded region. We use the observed inner and outer boundaries of the asteroid belt to
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produce this region. The observed inner boundary of our asteroid belt is currently at 2.1AU. We
find that this value is consistent with our analytical models where the intersection of the particle’s
precession rate with Saturn’s eigenfrequency is located at about 2AU. The outer boundary of the
asteroid belt is currently located at about 3.5AU due to Jupiter’s chaotic region.
Figure 5.2 demonstrates the width of the ⌫6 resonance during the main-sequence stage of stellar
evolution (solid line) versus the post-main-sequence stage (dotted line). The main sequence stage
includes Earth, Jupiter and Saturn at semi-major axes 1.0AU, 5.2AU, and 9.5AU, respectively.
The post-main-sequence stage only includes Jupiter and Saturn with orbital separations of 10.4AU
and 19.0AU, respectively, assuming that the Earth would be engulfed during the RGB phase of
stellar evolution. The x-axis is normalized with respect to the semi-major axis of Jupiter in order
to show the comparison. The resonance has shifted outwards into a region of the asteroid belt
that would have previously contained stable asteroids. These asteroids are unstable to resonant
perturbations and may be a source of pollution for white dwarfs.
Unlike the mean–motion resonances, the width of the ⌫6 secular resonance does not vary with
the mass of the white dwarf. The observed difference in Fig. 5.2 is due to the engulfment of
the Earth during the post-main-sequence stages. This changes the calculated eigenvectors (E(6)j )
which corresponds to the resonance being shifted outward. This result is somewhat surprising and
means that this model of white dwarf pollution requires a terrestrial planet to be engulfed in order
to change the resonance.
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Figure 5.2: The width of the ⌫6 secular resonance during main-sequence stage (solid-black lines)
versus post-main-sequence stage (dotted-black lines). The width during main-sequence was cal-
culated with the planets, Earth, Jupiter, and Saturn. As the star evolves during the post-main-
sequence stage, we assume the Earth is engulfed. The stellar mass loss shifts the ⌫6 resonance
outwards due to this engulfment, allowing previously stable asteroids to undergo secular perturba-
tions. The shaded region represents the region of previously stable asteroids that undergo increased
eccentricity growth due to secular resonant perturbations.
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Numerical Results
We tested the analytic models of the previous section with N-body simulations of an asteroid
belt around a white dwarf. We used the hybrid symplectic integrator in the orbital dynamics pack-
age, MERCURY, to model the structure of the asteroid belt and the tidal disruption rate around a
0.5M  white dwarf. MERCURY uses N-body integrations to calculate the orbital evolution of ob-
jects moving in the gravitational field of a large body (Chambers 1999). We simulated the motion
of Jupiter, Saturn, and a distribution of asteroids orbiting a white dwarf star. The asteroids in our
simulations were point particles that do not interact gravitationally with one another but do interact
gravitationally with the planets and the white dwarf. We may neglect the asteroid-asteroid inter-
actions because the timescale for such collisional interaction is much longer than the timescale
for the action of perturbations by resonance effects. The timescale for resonant effects is of the
order of ⇠ 1Myr (Ito & Tanikawa 1999), whereas some of the largest asteroids have collisional
timescales that are of the order of the age of the solar system (Dohnanyi 1969).
As the asteroids are scattered from the asteroid belt due to secular resonances, the asteroids
become tidally disrupted by the white dwarf if they pass within a tidal disruption radius given by
Rtide = CtideRwd
✓
⇢wd
⇢ast
◆1/3
⇡ 1.3
✓
Ctide
2
◆✓
Mwd
0.6M 
◆1/3✓ ⇢ast
3g cm 3
◆ 1/3
R , (5.2)
(Davidsson 1999; Jura 2003; Bear & Soker 2013), whereMwd, Rwd, ⇢wd are the mass, radius, and
density of the white dwarf, respectively, and ⇢ast is the density of the asteroid. Ctide is a numer-
ical constant that depends on the orbital parameters of the asteroid, its rotation, and composition
(Davidsson 1999; Jura 2003). We took Ctide = 2 for a solid non-synchronized asteroid (Bear &
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Soker 2013). Since the asteroids in our simulations are non self-interacting point-particles, we
assumed the average density of the asteroids to be 3 g cm 3 (Krasinsky et al. 2002) in order to
calculate the tidal disruption radius for the 0.5M  WD to be Rtide = 1.22R . Within our simula-
tions, we physically inflated the size of the white dwarf to have a radius equal to the tidal disruption
radius. When an asteroid passes within the tidal disruption radius it is considered tidally disrupted
and then removed from the simulation.
The numerical simulations aimed to determine the number of tidally disrupted asteroids from
two different locations in the asteroid belt, the ⌫6 secular resonance and the 2:1 mean-motion
resonance. Figure 5.3 summarizes the results of these numerical simulations. The ⌫6 simulation
is shown in the left panel and the 2:1 mean-motion simulation is given by the right panel. The
outcomes for each asteroid include ejection (blue dots) and tidal disruption (red dots). Since mean-
motion resonances move linearly during adiabatic expansion, the majority of the asteroids located
within the 2:1 resonance would have been depleted by the time the star evolved to become a white
dwarf. In our simulation, we have not taken account of any depletion and therefore the number of
tidal disruption events is highly over estimated. However, the number of asteroids tidally disrupted
is still significantly higher for the ⌫6 resonance than for the 2:1 resonance, even though the number
of tidal disruption events for the 2:1 resonance is really an upper limit. The ratio of the number of
ejections to tidal disruptions is higher for the 2:1 mean-motion resonance than for the ⌫6 resonance.
This suggests that the 2:1 mean-motion resonance is not nearly as efficient in producing tidal
disruption events as is the ⌫6 secular resonance.
Finally, we calculated the tidal disruption rate for the ⌫6 resonance case. This is an important
aspect of white dwarf pollution because for this mechanism to be a major contributor there needs to
be a continuous supply of asteroids. Figure 5.4 shows the normalized number of tidally disrupted
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Figure 5.3: N-body simulations of the evolution of asteroids near the ⌫6 secular resonance (left
panel) and near the 2:1 mean-motion resonance (right panel) around a 0.5M  white dwarf. The
outcomes for each asteroid include ejection (blue dots) and tidal disruption (red dots). Each simu-
lation is comprised of 20,000 test particles initially distributed uniformly over a width of 0.5 AU.
Because mean-motion resonances move linearly during adiabatic expansion, the majority of aster-
oids located within the 2:1 resonance would have been depleted by the time the star evolved to
become a white dwarf. In our simulation, we assume there is no depletion in order to compare the
number of tidal disruption events to the ⌫6 secular resonance. The inner boundary of the ⌫6 simu-
lations were produced by knowing that the observed inner boundary of our asteroid belt is located
at 2.1AU. Thus, all of the tidal disruption events during the ⌫6 simulations occur on previously
stable asteroids that have survived the process of stellar evolution.
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Figure 5.4: The number of tidally disrupted asteroids as a function of time for the ⌫6 secular
resonance simulation from Fig. 5.3 for a 0.5M  white dwarf. The number of tidal disruption
events is normalized to the initial number of test particles in our simulations. The rate shows a
slowly decreasing continuous stream of tidally disrupted asteroids.
asteroids as a function of time for the evolution of asteroids near the ⌫6 secular resonance. There is
a continuous rate of tidal disruptions throughout the simulation. White dwarf pollution is observed
at 30Myr to 600Myr cooling ages, thus our simulation time of 50 million years is longer than the
observed lower limit of pollution cooling age. Our results therefore contain encouraging evidence
for white dwarf pollution through secular resonant mechanisms.
Koester et al. (2014) conducted an unbiased survey for DA white dwarf metal pollution with
cooling ages in the range of 20   200Myr and temperature 17, 000K < Te↵ < 27, 000K. Using
previous ground-based studies and adopting bulk Earth abundances for the debris disks, mass ac-
cretion rates range from a few 105 g s 1 to a few 108 g s 1. Their conclusions suggest that at least
27% of all white dwarfs with cooling ages 20   200Myr are accreting planetary debris, but that
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fraction could be as high as about 50%. Since the diffusion timescale is of the order of days to
weeks for polluted DA white dwarfs, an assumption of steady state between accretion and diffu-
sion can be assumed. Steady state means a constant diffusion flow of each element throughout the
atmosphere, which equals the accretion flow (Koester et al. 2014)
X⇢vdi↵ = const. = Xaccm˙acc, (5.3)
whereX is the mass fraction of the specified element, ⇢ is the mass density in the atmosphere, and
vdi↵ is the diffusion velocity. Xacc is the abundance in the accreted matter and m˙acc is the accretion
rate per unit area. For a large fraction of polluted white dwarfs in the optical, only Ca II is detected
as the elemental pollutant. Consequently, accretion rate calculations are typically derived using the
infall rate for calcium, giving the mass accretion rate as
M˙z ⇡ 1
A
XCaMCVZ
⌧Ca
, (5.4)
(Farihi 2016) where A is the mass fraction of calcium within the accreted material, XCa is the
mass fraction of calcium, MCVZ is taken as the mass of the outer stellar convective layers where
any heavy elements are well-mixed, and ⌧Ca is the exponential diffusion timescale for calcium.
We estimate the mass accretion rate for our secular resonance model based on the tidal dis-
ruption rate of 0.0002Myr 1 calculated from Fig. 5.4. Multiplying this rate by the mass of the
asteroid belt (Mbelt = 3.6⇥ 1024 g; Krasinsky et al. 2002) we obtain a mass accretion rate of order
107 g s 1 which is in good agreement with observations, see Fig. 10 in Farihi (2016).
The results of our N–body simulations agree with the analytic model presented previously. The
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left panel of Figure 5.3 shows that the location of the ⌫6 resonance has shifted outwards into the
asteroid belt as predicted analytically in Figure 5.2. In the next Section we consider how secular
perturbations may apply more generally to exoplanetary systems with the analytic model of the
secular resonance.
Exoplanetary Systems
Secular resonances are sensitive to the architecture of a planetary system (e.g Minton & Mal-
hotra 2011; Smallwood et al. 2017). In this Section we consider how the ⌫6 secular resonance
may pollute a white dwarf for different planetary architectures with the analytic model described
in Chapter 2. First, we look at the dynamics of the ⌫6 secular resonance location for varying mass
and location of Saturn in the Solar System. Next, we examine the location of secular resonances
in planetary systems with a binary star companion.
Here we examine a system with two outer giant planetary companions around a white dwarf. In
order to generalize our results to exoplanetary systems, we calculated how the resonance location
changes with the semi-major axis and mass of the outer planetary companion. We model three
architectures with the inner planetary companion a Jupiter-mass planet with semi-major axes 6AU,
10.4AU, and 30AU. The value of 30AU was based on a theoretical adiabatic expansion of the
planetHR8799e. The systemHR8799 houses a warm planetesimal belt (Moro-Martı´n et al. 2010)
interior to HR8799e, which has a semi-major axis of 15AU (Marois et al. 2010) around a 1.56M 
type A star (Baines et al. 2012; Goz´dziewski & Migaszewski 2014).
The location of the secular resonance as a function the outer companion’s semi-major axis is
found by calculating the resulting eigenfrequency of the outer companion and then finding the
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Figure 5.5: Location of the ⌫6 secular resonance with respect to the semi-major axis of various
planetary companions for white dwarf mass Mwd = 0.5M . The semi-major axis of the inner
companion is constant at 6AU (left panel), 10.4AU (middle panel), and 30AU (right panel). The
masses of the outer planetary companions that are considered include 1.0 Saturn mass (Ms, solid),
1.0 Jupiter mass (MJ, dotted), 5.0MJ (dashed), and 10.0MJ. A correction was implemented due
to the near 2:1 mean-motion resonance between Jupiter and Saturn (Malhotra et al. 1989; Minton
& Malhotra 2011). The vertical black-dotted line shows the location of this 2:1 mean-motion
resonance and the semi-major axis of the inner Jupiter mass planetary companion is shown by the
horizontal gray line.
location of the intersection with the precession rate of a test particle. The precession frequency of
the test particle and the outer companion’s eigenfrequency were both calculated by including the
inner and outer companions. We included a correction due to the near 2:1 mean-motion resonance
between the two companions (Malhotra et al. 1989; Minton & Malhotra 2011).
Figure 5.5 shows the location of the ⌫6 secular resonance for three different architectures as a
function of planetary companion semi-major axis with a variety of planetary masses for the outer
companion that include 1.0 Saturn mass (MS), 1.0 Jupiter mass (MJ), 5.0MJ, and 10.0MJ. We
consider the case where the planetary companion is orbiting a 0.5M  white dwarf. The inner
and outer companion’s orbits expand adiabatically in response to the amount of stellar mass loss.
For comparison, the inner planetary companion’s semi-major axis is denoted in Fig. 5.5 by the
horizontal gray line. If we assume that the asteroid belt has the same adiabatic location, the more
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massive the planetary companion, the wider the companion orbital separation that is needed to
pollute the atmospheres of white dwarfs.
There are many known planetary system architectures in the Kepler data (Borucki et al. 2010;
2011; Batalha et al. 2013). Given that white dwarf pollution occurs in vastly different planetary
systems than our Solar System, these results may have implications on white dwarf pollution in a
wide range of exo-planetary architectures.
Roughly 50% of stars in the Milky Way are in binary systems. Many polluted white dwarfs
are also observed in binary systems (Zuckerman et al. 2003). The proposed theoretical models for
white dwarf pollution in binaries include wide-binary perturbations (Bonsor & Veras 2015) and
Kozai-Lidov oscillations (Hamers & Portegies Zwart 2016; Petrovich & Mun˜oz 2017). Here we
consider closer binaries that are close to coplanar to the planetary system.
To identify how the secular resonance operates in a binary system, we use our analytic model
described in Chapter. 2. We replace the outer planetary companion with a stellar companion. In
Fig. 5.6 we vary the mass and semi-major axis of the companion star for a 0.5M  white dwarf and
calculate the location of the resulting secular resonance for three different semi-major axis values
of the inner Jupiter mass planet. In Fig. 5.6, the location of the inner planet is 6.0AU (left panel),
10.4AU (middle panel), and 30AU (right panel).
In each case, we vary the mass of the companion star as listed: 0.5M  (solid line), 1.0M 
(dashed), 5.0M  (dotted) and 10.0M  (dot-dashed). The middle panel corresponds to Jupiter at
5.2AU initially. In each panel, as the mass of the stellar companion increases, the location of the
secular resonance can exist at a wider binary separations. Since these represent theoretical models
only, we do not assume a definitive location of an exo-asteroid belt. These models demonstrate
that a wide variety of binary configurations may produce white dwarf pollution. This pollution
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Figure 5.6: The location of the companion (⌫c) secular resonance as a function of the orbital
separation of the stellar companion for various stellar companion masses. We also vary the semi-
major axis of the inner planetary companion as follows: 6AU (left panel), 10.4AU (middle panel),
and 30AU (right panel). The masses that were modeled include 0.5M  (solid), 1.0M  (dotted),
5.0M  (dashed), and 10.0M  (dot-dashed). The companion star is orbiting a 0.5M  white dwarf
with a Jupiter-mass planet with a semi-major axis shown by the horizontal gray line.
mechanism (of secular perturbations) is not able to model pollution of white dwarfs located within
wide-binaries (abinary > 1000AU). Depending on the semi-major axis of the giant planet, this
mechanism can support WD pollution located in binaries with a binary separation < 1000AU.
These analytic models may provide a pollution mechanism of white dwarf atmospheres for a
variety of planetary configurations. These models suggest that pollution via secular resonances is
somewhat robust, since these models need two companions plus engulfment of a terrestrial planet.
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CHAPTER 6
CONCLUSION
We found that the ⌫6 resonance may play an important role in producing asteroid collisions
with terrestrial planets in the inner parts of a planetary system which corresponds to previous
works (Morbidelli et al. 1994; Gladman et al. 1997; Bottke et al. 2000; Ito & Malhotra 2006;
Minton & Malhotra 2011) an asteroid belt and two giant planets, in this order in terms of their
separation from the central star. We have explored how the planetary system architecture affects
the location and width of the ⌫6 resonance and how this in turn affects the number of asteroid
collisions with the Earth. Since super–Earths are common in the inner regions of exoplanetary
systems we first considered their influence. A super–Earth with with a mass of around 10M  at an
orbital radius greater than about > 0.7AU may significantly affect the number and rate of asteroid
collisions on the Earth. A super-Earth interior to the Earth’s orbit increases the number of asteroid
collisions with the Earth, while a super–Earth between the Earth and the asteroid belt decreases the
number of asteroid collisions. Furthermore, we find that increasing the mass of Saturn increases
the number of asteroid collisions. Changing the location of Saturn generally leads to a significant
decrease in the number of asteroid collisions.
Schlichting et al. (2012) proposed that additional collisions from a residual planetesimal popu-
lation is needed to damp the high eccentricities and inclinations of terrestrial planets during the late
stages of planet formation. This damping mechanism would allow terrestrial planets to evolve onto
circular and coplanar orbits. Geochemical evidence suggests that the Earth accreted roughly 0.3%–
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0.7% of its total mass in the form of chondritic material during the late stages of planet formation
(Walker 2009). If these series of events are indeed true, this implies that asteroid collisions may
have an important effect on determining the habitability of planets located in exoplanetary systems,
which would prompt these results in this work to be potentially very significant. In particular, and
to end on a speculative note, Martin & Livio (2016) proposed a model in which super–Earths did
form in the inner parts of the solar system, but then migrated into the Sun. This chain of events, if it
had indeed happened, could have helped regulate asteroid impacts to a rate and pattern conducive
to the emergence of life on Earth.
We have found that secular resonances, in particular the ⌫6 resonance, lead to polluted white
dwarfs. In the solar system, if the Earth becomes engulfed by the Sun as it leaves the main–
sequence, the ⌫6 resonance shifts outward, causing previously stable asteroids to undergo secular
resonant perturbations that lead to tidal disruptions close to the white dwarf and the white dwarf
will be polluted. This mechanism can lead to white dwarf pollution for a large range of plane-
tary system parameters including systems with two giant planets, or one planet and a binary star
companion.
Unlike mean-motion resonances, the location of secular resonance do not behave in a linear
fashion. Thus, a larger amount of previously stable asteroids become eccentric by secular per-
turbations and then become tidally disrupted by the white dwarf, leading to metal-rich material
accreting onto the white dwarf. We expect the process of asteroid perturbations by secular res-
onances to last much longer than the white dwarf cooling age given a massive enough asteroid
belt. Debes et al. (2012) found that the current mass of the asteroid belt would need to increase
102   104 times in order for a sufficient amount of material to be accreted by the white dwarf.
Frewen & Hansen (2014) later found that their model required a planetesimal disk to be a few
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thousand times larger than the asteroid belt, which matches the results from Debes et al. (2012).
Despite that the Solar System will not have a polluted white dwarf due to asteroidal accretion,
the analytical and numerical models used within this work may be viable in explaining white
dwarf pollution in exoplanetary systems. There is strong evidence that there may not be just one
mechanism that produces white dwarf pollution. Theoretically, our secular resonance model and
Debes et al. (2012) mean-motion resonance model would occur in a synergistic manner, allowing a
larger fraction of asteroids to become tidally disrupted, but we expect that the secular perturbations
last longer than mean-motion perturbations.
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